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Optimalni délici nadrovina

—_—

¢ Predp.: Trénovaci vzory ()Z, yll...,(x,,y,); ;; eR";y € {+ 1,—1}
Ize separovat pomoci nadroviny (; . ;)Jr bh=0

¢ — optimalni nadrovina
= Separace probiha bez chyb

*ww/

= (v_v> ;)+ b =1 jestize y, =1
(v_v>;c>)+ b < —1 jesthize y, = -1

—

e [ C I FY  ER R

2 (zahrnuto w i b)

+ minimaliza ce (D(W)I H w
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Optimalni délici nadrovina (2)

¢ Kanonicka nadrovina:

min ‘(w-xi)+ b‘ =1, kde X = {xl,... , X, }
xieX"
, 4
¢ omezeni
= Parametry nadroviny
= VC-dimenze
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VC-dimenze

¢+ Véta: (V. N. Vapnik — 1995)
PodmnoZina kanonickych nadrovin f (;g, ;V, b): sgn {(;V : ;)Jr b }

definovana na mnoziné vektoru

X :{xl,...,xl| xieR”;léiél}

—_— s -

- *
omezenych pomoci R: H X, —a ‘S R, x,eX

( a odpovida stiedu koule o poloméru R )

a splnujicich podminku

‘v_t;‘ < A ma VC-dimenzi h omezenou
pomoci 7 < min ([RzAz],n )+ 1
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Konstrukce optimalni nadroviny

¢ Minimalizace: @ (W): I—(J- ;)

¢ za pod

2
— —)

minky: . Hxl. -w )+ b JZ 1;

¢ - ged

lovy bod funkcionalu

(507 Hon)-S

a ...

i=1

Lagrangeovy multiplikatory

Minimalizace vzhledemk w a b
Maximalizace vzhledemk «, > 0
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Konstrukce optimalni nadroviny (2)

V sedlovém bodé by mélo reseni splnovat:

aL(w_o’,bo,(F) aL(w_o’,bo,(F)
_ 0 _ _ 0
ob ow

—> vlastnosti optimalni nadroviny:

1. Koeficienty optimalni nadroviny by mély splnovat:
/
Za;’yl:o; al.OZO;izl,...,l
i=1 _—
». Optimalni nadrovina (vektor w, ) je linearni kombinaci vektoru
z trénovaci mnoZziny:
/

0o . 0 .
w, =Z va; x,; a, 20; i=1,...,1
i=1
I. Mrazova: ATNS (NAIL013) 7



Konstrukce optimalni nadroviny (3)

;. Pouze tzv. podpurné vektory mohou mit nenulove koeficien-

—_— —_—

0 .
ty a; (vrozvoji w,): w, = Z y.a'x,; a’ =0

i
podpurné vektory

—> D¢lici nadrovina spliuje podminku:
a, = {[(x_’w_'oﬁ b, Jyl. -1 }: 0; i=1,..,I
— Maximalizace funkcionalu:

[ 1 [ .
W(a)=2al.—?z aiajyiyj(xi'xj)
i=1 I,]

v nezaporném kvadrantu . > 0; i=1,...,/
[
za podminky Z a,y. =0

I =
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Klasifikace

> 0 (.0 0\ s . v % .7 . 0
¢ Necht « —(al yers O )Je feseni — W, = Z Vv, a; X,
podpurné vektory
¢ = Kklasifikace:
f(x):sgn Z yial.o(xi-x)—bo
podpurné vektory
X; ... podpurny vektor Otio ... prisl. Lagrangeuv koeficient

b, ...konstanta (prah) b, = %[ ( ;(; : ;:(1))+( ;(; : ;‘:(—l)ﬂ

i (1) e podpturny vektor pattici do 1. tridy
X (_ 1) .-+ podpurny vektor patfici do 2. tfidy
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Priklad

¢+ Konstrukce délici nadroviny odpovidajici polynomu
2. stupné:

= vytvofit piiznakovy prostor Z, ktery bude mit N = " ( n+3 )
soufadnic 2
Zy =X,y 2, =X, n  soufadnic
2 2 v g
Z 4= (xl) NS xn) n  soufadnic
n (n — 1)
Zonit =K Ap e e Zy XK, 5 soufadnic

x:(xl,...,xn )

De¢lici nadrovina konstruovana v novém (priznakovém) pro-
storu (£) odpovida polynomu 2. stupné ve vstupnim prostoru
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Problémy

¢ D¢lici nadplocha nemusi nutné spravné generalizovat

X Pokud Ize optimdlni nadrovinu zkonstruovat na zdklade
malého poctu podpurnych vektori (vzhledem k trénovaci
mnoziné), bude system vykazovat vysoky stupen generalizace

¢ Vysoka dimenze ptriznakového prostoru
= 1vpfipadé, Ze optimalni nadrovina generalizuje spravné a lze
j1 teoreticky najit

> Konvoluce skalarniho soucinu
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Poznamky

¢ Pri konstrukci optimalni délici nadroviny v pfizna-
kovém prostoru Z neni nutn¢ uvazovat priznakovy
prostor v explicitni formée

X je nutna moznost vyjadrit skalani soucin pro pod-
purné vektory v priznakovém prostoru

} (=2 )= kle.x) ;

¢ Z ... obraz (v priznakovém prostoru) vektoru X
(ze vstupniho prostoru)
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Podpurné vektorové stroje
(Suppor Vector (SV-) Machines)

¢ Jdea:

—_

= Vstupni vzor (vektor x ) se zobrazi do vicerozmérného
priznakoveho prostoru Z pomoci nelinearniho, apriorné€ zvolen¢ho
zobrazeni; V tomto prostoru pak probiha konstrukce optimalni délici

nadroviny

Optimalni dé€lici nadrovina v ptiznakovém prostoru

Ptiznakovy
e o6 o o p I’O§ tOI; e o6 o o

vstupni prostor
I. Mrazova: ATNS (NAIL013)
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Konstrukce SV-stroju

¢ Konvoluce skalarniho sou¢inu umoziuje konstrukci
diskriminacnich funkci (nelinearnich ve vstupnim
prostoru)

f(;):sgn ZyiaiK(Z,;)—bo

podpurne vektory

¢ (ekvivalentni linearnim diskrimina¢nim funkcim v
piiznakovém prostoru;

—_— —

K (xl. , X ) konvoluce skalarniho soucinu)
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Konstrukce SV-stroju (2)

* K nalezeni koeficientu ¢; (v separabilnim pfipad€) postaci nalézt

maximum funkcionalu:
]

W(;): 2.4 _%ZZ: aiajyiyjK(z,;j)
L, J

i=l1
[

Zaiyi =0; «,20;i=1...,1

i=1

(nelinearni programovani — napt.: J. J. More, G. Toraldo (1991). ,,On
the solution of large quadratic programming problems with bound

constrains, “ SIAM Optimization, 1, (1), pp. 93-113) = uceni

za podminky

Slozitost konstrukce zavisi na poc¢tu podpurnych vektoru (spis
nez na dimenzi priznakového prostoru)
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Konstrukce SV-stroju (3)

¢ Pouzitim ruznych funkci pro konvoluci skalarniho
soucinu lze zkonstruovat ucici se stroje s ruznymi
typy nelinearnich délicich nadploch ve vstupnim
prostoru
s Polynomidlni ucici se stroje
s RBF-stroje

s Dvouvrstvé neuronove sité

I. Mrazova: ATNS (NAIL013)
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Konstrukce SV-stroju (4)

rozhodovaci
— =sgn Z v, Flx,x)-b
vahy ya,,..., 5, &, V&, NZ1%% .
nelinearni transf.
F()T = F(x—' ;) F(Xl x) (vych. z podp. vekt.)
1° 29 ? — -

Xiseors X,

X, X, X, X

vstupni vektor x =(x,,...,x, )
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Dvouvrstvé neuronove site

* Volba jadra: K(x,xl.)z S [V(x,xl.)—l—c]

¢ S(U) ... sigmoidalni funkce tanh(vu -I—C), ‘u‘ <1

¢ Konstrukce SV-strojii:

—_ —

(xa)= sgn{izl;ais(v(},g)w)w}
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Dvouvrstvé neuronove site

* Automatické zjiSténi nasledujicich udaju:

1. Architektura dvouvrstvého stroje
> Pocet | skrytych neuronti ~ pocet podpiirnych vektort
2. Vahové vektory ;; = ;; neuront prvni (skryté) vrstvy
(~ podplirn¢ vektory) N
5. Vahovy vektor pro druhou vrstvu (hodnoty @ )

¢ Priklad: K (;,x_:) = tanh [b (;Z )— c}
256

b =2
c =1

I. Mrazova: ATNS (NAIL013)
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Aplikace teorie neuronovych siti

— SVM- stroje —
— rozSirujici materialy —

Bing Liu: http://www.cs.uic.edu/~liub/WebMiningBook.html

I[. Mrazova: ATNS (NAILO13) 20
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Introduction to SVM

Support vector machines were invented by V. Vapnik and his
co-workers in 1970s 1in Russia and became known to the West
in 1992,

SVMs are linear classifiers that find a hyperplane to separate
two class of data, positive and negative.

Kernel functions are used for nonlinear separation.

SVM not only has a rigorous theoretical foundation, but also
performs classification more accurately than most other
methods in applications, especially for high dimensional data.

It 1s perhaps the best classifier for text classification.

I. Mrazova: ATNS (NAILO13) 22



Basic concepts

Let the set of training examples D be

X1y (X, 2)5 -5 (X VD) S

where x. = (x,, X,, ..., X,) 1s an input vector in a real-valued
space X < R" and y. 1s its class label (output value), y. € {1, -

1}.
1: positive class and -1: negative class.
SVM finds a linear function of the form (w: weight vector)

X)) =(wW-Xx)+b

1 if{w-x,)+b=0
-1 if{w-x;)+b<0

I[. Mrazova: ATNS (NAILO13) 23
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The hyperplane

¢ The hyperplane that separates positive and negative training data
1S (wW-x)+b=0
¢ It 1s also called the decision boundary (surface).

* So many possible hyperplanes, which one to choose?
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Maximal margin hyperplane

¢+ SVM looks for the separating hyperplane with the largest
margin.

¢ Machine learning theory says this hyperplane minimizes the
error bound
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Linear SVM: separable case

¢ Assume the data are linearly separable.
+ Consider a positive data point (x*, 1) and a negative (x, -1)
that are closest to the hyperplane
<w-x>+b=0.

¢+ We define two parallel hyperplanes, H, and A, that pass
through x* and x- respectively. H, and H_ are also parallel to
<w-x>+b=0.

H. {w-x"y+b=]

H. w-xY+ b |

such that w-x;p +b=1 1fv; = 1
w-xt h=—] TR .
I. Mrazova: ATNS (NAILO13) 26



Compute the margin

Now let us compute the distance between the two margin

hyperplanes A, and H_. Their distance 1s the margin (d, +d_
in the figure).

Recall from vector space 1n algebra that the (perpendicular)
distance from a point x; to the hyperplane (w - x) + b =0 1s:

(W X.)+b|

| | w
where ||w|| 1s the norm of w,

(36)

\\ 7 :\/<W-W>= W2+W2+...+W2 (37)
1 2 7
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Compute the margin (cont ...)

¢ Let us compute d.,.

* Instead of computing the distance from x* to the separating
hyperplane (w - x) + b =0, we pick up any point x; on (W - X)
+ b =0 and compute the distance from x, to(w - x*) + b =1
by applying the distance Eq. (36) and noticing (w - x.) + b =0,

d+:|<W°XS>+b—1|: 1 (38)
w w
margin =d, +d_ = 2 (39)
w
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A optimization problem!

Definition (Linear SVM: separable case): Given a set of linearly
separable training examples,

D= {(Xla yl)a (Xza y2)9 T (Xr’ yr)}

Learning 1s to solve the following constrained minimization
problem,

Minimize : <Wéw> (40)

Subjectto : y,(w-x,)+b)=21, i=1,2,..,r

y,(w-x;)+b=>1, i=1,2,..,r summarizes
(w-x)+b=>1 fory. =1
(W-x)+b<-1 fory, =-1.
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Solve the constrained
minimization

¢ Standard Lagranglan method
——<w W) — Za [v.((W-X.)+b)—1] (41)

where o; > 0 are the Lagrange multipliers.

¢ Optimization theory says that an optimal solution to
(41) must satisfy certain conditions, called Kuhn-
Tucker conditions, which are necessary (but not
sufficient)

¢ Kuhn-Tucker conditions play a central role in
constrained optimization.
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Kuhn-Tucker conditions

L RS . .
— F — W, 1'5*; we,X, =0, =12 .. ..m (48
oW ’ =

N, =
ol :
__P: 5 V. €F — ] .|_|_k_}'|
el ‘-_-.-=I-
wliw- -, 3+ b)y=1=20, r=1_2, 7 (500
L 9 >0, i=1.2, ... F -I__“:ll'l
e, (v, (iw-xX >+ b)—1)=0, i=1.2, ... F (52)

* Eq. (50) 1s the original set of constraints.

¢ The complementarity condition (52) shows that only those data
points on the margin hyperplanes (1.e., 4, and H ) can have ;> 0
since for them y,((w - x,) +b)—-1=0.

¢ These points are called the support vectors, All the other

parameters o;= 0.
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Solve the problem

In general, Kuhn-Tucker conditions are necessary for an
optimal solution, but not sufficient.

However, for our minimization problem with a convex
objective function and linear constraints, the Kuhn-Tucker
conditions are both necessary and sufficient for an optimal
solution.

Solving the optimization problem 1s still a difficult task due to
the inequality constraints.

However, the Lagrangian treatment of the convex optimization
problem leads to an alternative dual formulation of the
problem, which 1s easier to solve than the original problem
(called the primal).
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Dual formulation

¢ From primal to a dual: Setting to zero the partial
derivatives of the Lagrangian (41) with respect to the
primal variables (1.e., w and b), and substituting the
resulting relations back into the Lagrangian.

= [.e., substitute (48) and (49), into the original
Lagrangian (41) to eliminate the primal variables

205 ——Zyy]aa(x ‘X ), (55)

l]l
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Dual optimization prolem

. ]
Maximize: L, = > o; —— > W, W, 06 (X, - X
i=1 < 4,=1 (56)
,
N v, =100
v - Ll L d
Subject to: 5
a, =0, i=1L2,...r.

This dual formulation is called the Wolfe dual.

For the convex objective function and linear constraints of
the primal, it has the property that the maximum of L,
occurs at the same values of w, b and ¢;, as the minimum
of L, (the primal).

Solving (56) requires numerical techniques and clever

strategies, which are beyond our scope.
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The final decision boundary

After solving (56), we obtain the values for «;, which are used
to compute the weight vector w and the bias b using Equations
(48) and (52) respectively.

The decision boundary

(W-X)+b=> y,a,(x; - x)+b=0 (57)

IESV

Testing: Use (57). Given a test instance z,

sign({w-z)+b) = Sign[Z a.y X, Z)+ b] (58)
If (58) returns 1, then the test instance z 1s classified as

positive; otherwise, 1t 1s classified as negative.
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Linear SVM: Non-separable case

¢ Linear separable case 1s the 1deal situation.

¢ Real-life data may have noise or errors.

s Class label incorrect or randomness in the application
domain.

¢ Recall 1n the separable case, the problem was
(W-W)

2
Subjectto : y.({w-x;)+b)=21, i=1,2,..,r

Minimize :

+ With noisy data, the constraints may not be

satisfied. Then, no solution!
I. Mrazova: ATNS (NAILO13) 36



Relax the constraints

¢ To allow errors 1n data, we relax the margin

constraints by introducing slack variables, &,
(= 0) as follows:

w-x)+b=>21-¢& fory =1
(w-x)+b<-1+¢& fory =-1.
¢ The new constraints:
Subject to: y((w-x) +b)>1-&,i=1,...,r,
&20,1=1,2,...,r
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Geometric interpretation

* Two error data points x, and x,, (circled) in
wrong regions

I[. Mrazova: ATNS (NAILO13) 38



Penalize errors 1n objective
function

* We need to penalize the errors 1n the objective
function.

* A natural way of doing 1t 1s to assign an extra
cost for errors to change the objective function

to , r
Minimize: <W2W> +CQ &) (60)
i=l1
¢ k=1 1s commonly used, which has the
advantage that neither & nor i1ts Lagrangian
multipliers appear in the dual formulation.
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New optimization problem

Minimize : <W2.W> + Czr: £ (61)
=1

Subjectto : y,({w-x,)+b)21-¢&., i=1,2,.,7r
.20, i=1,2,.,7r

¢ This formulation 1s called the soft-margin SVM. The
primal Lagrangian 1s

Ly=2wew)+CY &= Yol x)+h) -1+ 51-Y ué (62)

where «;, 1. > 0 are the Lagrange multipliers
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Kuhn-Tucker conditions
—_— -

{if"” = W, Z_].'I;e’f‘]..‘ =0, j=1.2.....m (63
l:'.-"ll-'j i—

!"" — 11 o, =0 (64)

i=l1

E!_F . _ -
—— = e, —pt; =0, i=1,2 . __r (0D
Lo
yv,(w-x, 3+ b)=1+S, =20, i=1.2,.. . r {6
g, =0, I=12,...r (67)
o, =0, i=1,2,...r (68)
g, =0, i=1,2, . r (69
e (v, (iw-xX, )+ b)=1+&,)=0, i=1.2,...r {70
s, =0, i=1.2...r (71}
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From primal to dual

¢ As the linear separable case, we transform the primal
to a dual by setting to zero the partial derivatives of
the Lagrangian (62) with respect to the primal
variables (i.e., w, b and &), and substituting the
resulting relations back into the Lagrangian.

¢ Je.., we substitute Equations (63), (64) and (65) into
the primal Lagrangian (62).

¢ From Equation (65), C — «; — 1, = 0, we can deduce
that o, < C because 1> 0.
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Dual

The dual of (61) 1s

. . | =
d = i = - | f p— — } ] l- Y L] -l i l-‘l
Maximze: Lp(a)= S gy —— E MV 000 (X Xy, (72)

i=l i

L
' |
E Vo, = U

Subject oo 5

0= e, <. =12 ....r

Interestingly, & and its Lagrange multipliers s are not in
the dual. The objective function is 1dentical to that for the
separable case.

The only difference 1s the constraint o, < C.
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Find primal variable values

¢ The dual problem (72) can be solved numerically.

¢ The resulting ¢, values are then used to compute w and b.
w 1s computed using Equation (63) and b is computed using
the Kuhn-Tucker complementarity conditions (70) and (71).

¢ Since no values for &, we need to get around it.

= From Equations (65), (70) and (71), we observe that it 0 < o, < C
then both & =0 and y{w - x) +b—1+ & = 0. Thus, we can use any
training data point for which 0 < ¢; < C and Equation (69)

1 r
(with &= 0) to compute b: b = y—— Z yio(x;-x;)=0.
i =l

I. Mrazova: ATNS (NAIL013) (7 3) 44



(65), (70) and (71) in fact tell

us more
= > yiliwexy th)z1 and 5=0 -
; ! Y . .. .'I i
0< < ( > liwex) +h) and & =0 | /4,
o= C > vlwexpth <1l and 5210

¢ (74) shows a very 1mportant property of SVM.

= The solution is sparse in ¢,. Many training data points are
outside the margin area and their ¢;’s in the solution are 0.

= Only those data points that are on the margin (1.e., y,({w - x,) +
b) = 1, which are support vectors in the separable case), inside
the margin (1.e., o; = C and y,({w - x;) + b) < 1), or errors are
non-zero.

=  Without this sparsity property, SVM would not be practical for
large data sets.
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The final decision boundary

* The final decision boundary is (we note that many «;’s

are 0) r
(W-x)+b=> ya,(x,-x)+b=0  (75)
i=1

¢ The decision rule for classification (testing) 1s the same as
the separable case, i.e.,

sign({w - X) + D).

¢ Finally, we also need to determine the parameter C 1n the
objective function. It is normally chosen through the use
of a validation set or cross-validation.
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How to deal with nonlinear
separation?

The SVM formulations require linear separation.
Real-life data sets may need nonlinear separation.

To deal with nonlinear separation, the same formulation
and techniques as for the linear case are still used.

We only transform the input data into another space

(usually of a much higher dimension) so that

= a linear decision boundary can separate positive and negative
examples in the transformed space,

The transformed space 1s called the feature space. The

original data space 1s called the input space.
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Space transformation

¢ The basic 1dea i1s to map the data in the input space
X to a feature space F’ via a nonlinear mapping ¢,

. X —>F
X = P(X)
* After the mapping, the original training data set
{(Xla yl)ﬂ (X29 y2)9 cees (Xr9 yr)} becomes:

{(¢(Xl)9 y1)9 (¢(X2)9 y2)9 RS (¢(Xr)> yr)} (77)

(76)
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Geometric interpretation

Feature space f

i X )

Ax)PAx)

Input space .\

i u ;
: ¢ 0 ) (X )

_ {l' X)
(A 0

In this example, the transformed space is also
2-D. But usually, the number of dimensions in
the feature space is much higher than that in

the Input space
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Optimization problem
in (61) becomes

With the transtormation. the optimuzation problem m (61) becomes

S (W W) o
Dinimize — Z‘.ﬂ
= i=1
Subject to: v,({w-@(x, p+b)=1-%,. i=1.2.... r
=0, i=1,2,..,F

The dual 1s

¥ [
Maximize: L, = b cry —=— h V¥ o AN )X ).
i=l1 < i g=l

Subject to:

The tinal decision rule for classitication (testing) 1s

.
N Ve @i X, ) (X)) + D
S
i=l

I. Mrazova: ATNS (NAILO13)
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An example space
transformation

¢ Suppose our mput space 1s 2-dimensional, and we
choose the following transformation (mapping) from
2-D to 3-D:

2 2
(X1, X,) = (%7, x, 9\/5x1x2)

¢ The training example ((2, 3), -1) 1n the input space 1s
transformed to the following in the feature space:

(4,9, 8.5), -1)
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Problem with explicit
transformation

¢ The potential problem with this explicit data trans-
formation and then applying the linear SVM 1s that
it may suffer from the curse of dimensionality.

¢ The number of dimensions in the feature space can
be huge with some useful transformations even with
reasonable numbers of attributes in the input space.

+ This makes 1t computationally infeasible to handle.

¢ Fortunately, explicit transformation 1s not needed.
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Kernel functions

* We notice that in the dual formulation both
= the construction of the optimal hyperplane (79) in F and

= the evaluation of the corresponding decision function (80)

only require dot products (#(x) - z)) and never the map-

ped vector ¢(x) 1n 1ts explicit form. This 1s a crucial point.
¢ Thus, 1f we have a way to compute the dot product

(AX) - ¢z)) using the input vectors x and z directly,

= no need to know the feature vector ¢(x) or even ¢ itself.

¢ In SVM, this is done through the use of kernel functions,
denoted by K : K(x, z) = (AX) - Xz)) (82)
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An example kernel function

¢ Polynomial kernel:  K(x, z) =(x - z)¢ (83)
¢ Let us compute the kernel with degree d =2 in a
2-dimensional space: x = (x, x,) and z = (z,, z,).

<X.Z>2:(x121+.x222)2 (84)
= x12212 + 2XIZIX2Zz + x22222
(e T (o522 T )
=(9(x)-9(2)),

¢ This shows that the kernel {(x - z)? is a dot product in a
transformed feature space
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Kernel trick

¢ The derivation in (84) 1s only for illustration
purposes.

¢+ We do not need to find the mapping function.

* We can apply the kernel function directly by

= replace all the dot products (#(x) - #(z)) 1n (79) and
(80) with the kernel function K(x, z) (e.g., the
polynomial kernel (x - z)¢ in (83)).

¢ This strategy 1s called the kernel trick.
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Is it a kernel function?

¢ The question 1s: how do we know whether a
function 1s a kernel without performing the
derivation such as that in (84)? I.e,

= How do we know that a kernel function 1s indeed
a dot product in some feature space?
* This question 1s answered by a theorem called
the Mercer’s theorem, which we will not
discuss here.
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Commonly used kernels

¢ It 1s clear that the 1dea of kernel generalizes the dot
product in the input space. This dot product 1s also a
kernel with the feature map being the identity

Kix.z)=1{x -z} (B3)

Commonly used kernels include

Polynomial: Kix.z)=({x-z)+ &)° (86)
Craussian RBF: Kix.z)= c*"x"'"J"'r]*T (87)
Stgmoidal: Kix.z)=tanhif{x-z;— ) (B&)

where e R.de NNo=0.and k. o € R.
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Some other issues in SVM

¢ SVM works only 1n a real-valued space. For a categorical
attribute, we need to convert its categorical values to
numeric values.

* SVM does only two-class classification. For multi-class
problems, some strategies can be applied, e.g., one-
against-rest, and error-correcting output coding.

¢ The hyperplane produced by SVM 1s hard to understand
by human users. The matter 1s made worse by kernels.
Thus, SVM 1s commonly used 1n applications that do not
required human understanding.
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